Abstract. We study the bifurcation diagrams of positive solutions of the pLaplacian Dirichlet problem
1. Introduction. We study the bifurcation diagrams of positive solutions of the p-Laplacian Dirichlet problem (ϕ p (u (x))) + f λ (u(x)) = 0, − 1 < x < 1, u(−1) = u(1) = 0,
where ϕ p (y) = |y| p−2 y, (ϕ p (u )) is the one-dimensional p-Laplacian, p > 1, the nonlinearity f λ (u) = λg(u) − h(u), g, h ∈ C[0, ∞) ∩ C 2 (0, ∞), and λ > 0 is a bifurcation parameter. This problem arises in the study of non-Newtonian fluids and nonlinear diffusion problems. The case we study corresponds to a strong absorption with respect to diffusion. The reaction term of (1) f λ (u) = λg(u) − h(u), for each fixed λ > 0, consists of a source term λg(u) and a strong absorption term h(u) which dominates the source term when u near 0 + and is dominated by the source term when u is large enough. The quantity p is a characteristic of the medium. In particular, for p > 2 the fluids 2298 PO-CHUN HUANG, SHIN-HWA WANG AND TZUNG-SHIN YEH medium are called dilatant fluids, and those with p < 2 are called pseudoplastics. When p = 2 they are Newtonian fluids (see, e.g., Díaz [4, 5] and its bibliography).
For each fixed λ > 0, we define
We assume that functions g, h ∈ C[0, ∞) ∩ C 2 (0, ∞) and g, h satisfy the following hypotheses (either (H1a) or (H1b)), and (H2)-(H5): (H1a) g(0) = h(0) = 0, g(u), h(u) > 0 for u ∈ (0, ∞), and there exists a positive number a < p − 1 such that 0 ≤ lim and
is strictly decreasing on (0, γ h ), and
In addition,
(H5) For each fixed v ∈ (0, 1),
is a strictly decreasing function of u ∈ (0, ∞), and
Since g, h ∈ C[0, ∞) ∩ C 2 (0, ∞) satisfy either ((H1a) and (H2)) or ((H1b) and (H2)), for each fixed λ > 0, there exists a unique positive number ω λ defined by
such that ω λ is a strictly decreasing continuous function of λ on (0, ∞), lim λ→0 + ω λ = ∞ and lim λ→∞ ω λ = 0. We obtain that, for λ > 0,
(Notice that, in (2), f λ (u) satisfies a nonpositone condition.) Also, there exists a unique positive number β λ > ω λ such that
and
Moreover, β λ is a strictly decreasing continuous function of λ on (0, ∞),
This research is mainly motivated by a paper by Díaz and Hernández [6] . Díaz and Hernández [6] studied the exact multiplicity of positive solutions of a quasilinear p-Laplacian elliptic problem
where p > 1, 0 < r < q < p − 1, σ is a positive constant, and λ > 0 is a bifurcation parameter. Definē
where
Applying a time-map technique, Díaz and Hernández [6, Theorem 1] proved that there exists a positive number λ * <λ such that (6) has exactly two positive solutions for λ * < λ ≤λ, exactly one positive solution for λ = λ * and λ >λ, and no positive solution for 0 < λ < λ * . The results were extended by Díaz, Hernández and Mancebo [7] from p − 1 > q > r > 0 to p − 1 > q > r > −1; see [7, for details.
Cheng [1] proved the exact multiplicity of positive solutions of boundary value problem
where q > r > −1, and λ is a positive parameter. 
In this paper, we study the bifurcation diagrams of positive solutions of the p-Laplacian Dirichlet problem (1) under hypotheses (either (H1a) or (H1b)) and (H2)-(H5) on functions g and h. We mainly give a classification of all four qualitatively different bifurcation diagrams for (1) . In addition, by applying the exact multiplicity results of positive solutions of (1), we also study the evolution phenomena of bifurcation diagrams of positive solutions of (1) with functions
where 
see (15) stated below. We also definẽ
(Note that csc x means the cosecant function of x.)
and g, h satisfy (H1a) and (H2)-(H5). Then there exist three positive numbers λ * <λ and βλ satisfying Fλ(βλ) = 0 and Tλ(βλ) = 1 such that (1) has exactly two positive solutions u λ , v λ with u λ < v λ for λ ∈ (λ * ,λ], exactly one positive solution v λ for λ = λ * and λ ∈ (λ, ∞), and no positive solution for λ ∈ (0, λ * ). Moreover, if we denote u λ * = v λ * when λ = λ * , then the following assertions (i)-(iii) hold: (i) (See Fig. 2 (a).) If Tλ(βλ) < 1, thenλ <λ and there exists λ * ∈ (0,λ) such that (1) has exactly two positive solutions u λ , v λ with u λ < v λ for λ ∈ (λ * ,λ], exactly one positive solution for λ = λ * and λ ∈ (λ,λ), no positive solution for Fig. 2(b) .) If Tλ(βλ) = 1, thenλ =λ and there exists λ * ∈ (0,λ) such that (1) has exactly two positive solutions u λ , v λ with u λ < v λ for λ ∈ (λ * ,λ), exactly one positive solution for λ = λ * and λ =λ, no positive solution for Fig. 2 (c).) If Tλ(βλ) > 1, thenλ >λ and there exists λ * ∈ (0,λ) such that (1) has exactly two positive solutions u λ , v λ with u λ < v λ for λ ∈ (λ * ,λ), exactly one positive solution for λ = λ * and λ ∈ [λ,λ], no positive solution for λ ∈ (0, λ * ) ∪ (λ, ∞).
Moreover, if we denote u λ * = v λ * when λ = λ * , then the following assertions (iv)-(vi) hold:
(Note that the inequalities hold whenever either u λ ∞ or v λ ∞ exists.)
. Then the following assertions (i) and (ii) hold: 
Note that, when k 1 = 0.856,
and when k 1 = 0.996,
3. Lemmas. To prove Theorems 2.1 and 2.2, we need the following three lemmas. We modify the time-map techniques used in Smoller and Wasserman [11] and Laetsch [8] for p = 2. First, we consider the p-Laplacian Dirichlet problem
where p > 1. We assume that f ∈ C[0, ∞) ∩ C 2 (0, ∞) and there exist three positive numbers ω < β, a < p − 1 such that
where (12) , f (u) satisfies a nonpositone condition.) Under above hypotheses, the time map formula which we apply to study p-Laplacian problem (11) takes the form as follows:
see e.g., [2, Lemmas 2.1 and 2.2] and [9, Lemma 2.4] for the derivation of the time map formula T (α) for problem (11) . So positive solutions u of (11) correspond to u ∞ = α and T (α) = µ 1/p . Thus to study the exact number of positive solutions of problem (11) is equivalent to study the shape of the time map T (α) on [β, ∞).
(Note that T (β) < ∞ can be proved easily. In addition, there is no need to study T (α) on (0, β). Suppose for a contradiction that u is a positive solutions of (11) corresponding to u ∞ = α ∈ (0, β), we have that
This is a contradiction.) Lemma 3.1. Consider (11) with p > 1. Assume that f satisfies (12), (13) , (14) , and (p − 1)f (u) − uf (u) > 0 for large u. Moreover, if there exists a positive number
Then T (α) has exactly one critical point, a minimum, on [β, ∞) and
Proof of Lemma 3.1. Let θ(u) = pF (u) − uf (u). By (15) and the substitution u = αv, we compute that
where ∆F = F (α) − F (u), ∆θ = θ(α) − θ(u), ∆f = αf (α) − uf (u), and ∆θ = αθ (α) − uθ (u). According to (12) , we obtain θ(0) = θ (0) = 0. Since θ (u) = (p − 1)f (u) − uf (u) > 0 for large u and by (16), there exist two positive numbers
(Note that β < D.) By (18), we compute that lim sup 
and satisfies (12) 
, there exist two positive numbers δ 3 , M 3 such that ω < δ 3 < β and
Thus we obtain that
It follows that
In addition, it is clear that
Therefore, lim sup α→β + T (α) ≤ −∞ and hence lim α→β + T (α) = −∞.
By θ(0) = θ (0) = 0, (18), (20), (21) and since lim α→β + T (α) = −∞, we choose a number
It follows that T (α) has at least one critical point, a local minimum, on (A, D) .
By (18) and (19), we obtain that
, and we obtain that
by (16). In addition, it is easy to compute that φ(0) = 0 and φ (A) = Aθ (A) − θ(A) > 0. So we obtain that φ(u) is strictly increasing on [A, D) and φ(u) < φ(A) for u ∈ (0, A). The above imply that
is a critical point of T (α), then T (α * ) must be a local minimum on (A, D). Thus T (α) has exactly one critical point, a minimum, on [β, ∞).
Finally, we prove Eq. (17). There are two cases (A) and (B) to be studied as follows:
Case (A). Suppose m ∞ = lim u→∞ f (u)/u p−1 ∈ (0, ∞). First, setting u = αv, 0 < v ≤ 1, we obtain that
It follows that
Next, we prove that the last integral in (25) converges to zero as α → ∞. For 0 < v < 1/2, if lim
uniformly in v. By (25) and the integral formula
we obtain that
Case (B). Suppose m ∞ = lim u→∞ f (u)/u p−1 = 0. For any constant M > 0, we obtain that there exists
Applying the result of Case (A), we obtain that
Since the above result holds for any M > 0, we obtain lim α→∞ T (α) = ∞. The proof of Lemma 3.1 is complete. 
For each positive number λ 0 and fixed α ∈ (β λ0 , ∞), by (9), we compute that for λ ≥ λ 0 ,
We define
By (2), we know that for α > β λ0 (> ω λ0 ), f λ0 (α) > 0 and hence f λ1 (α) ≥ f λ0 (α) > 0. Then we can choose a positive number k 0 such that ( 
Thus for λ ∈ [λ 1 , λ 2 ] and n ≥ k 0 , we obtain that
is a continuous function of λ ≥ λ 0 . The proof of Lemma 3.2 is complete.
and g, h satisfy (either (H1a) or (H1b)), (H2), and (H5). Then T λ (β λ ) is a strictly decreasing continuous function of λ on (0, ∞). In addition,
Proof of Lemma 3.3. First, we prove that T λ (β λ ) is a strictly decreasing continuous function of λ on (0, ∞). For λ ∈ (0, ∞), by (9), we obtain that Hence for each fixed λ > 0, taking f = f λ , ω = ω λ , β = β λ , γ = γ λ , we obtain that f = f λ (u) satisfies all assumptions in Lemma 3.1 with m ∞ = 0. Thus by Lemma 3.1, we obtain that the following property (1):
(1) For λ > 0, T λ (α) has exactly one critical point, a minimum, on [β λ , ∞) and lim α→∞ T λ (α) = ∞.
Next, for T λ (α) with λ > 0, we have the following properties (2)- (5): (2) For 0 < λ 1 < λ 2 , we obtain β λ1 > β λ2 (> 0). (Note that lim λ→0 + β λ = ∞ and lim λ→∞ β λ = 0.) In addition, since f λ1 (u) < f λ2 (u) for u ∈ [0, ∞), we obtain
